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A Z-cyclic triplewhist tournament for 4n+1 players, or briefly a TWh(4n+1), is
equivalent to a n-set [(ai , bi , ci , di) | i=1, ..., n] of quadruples partitioning Z4n+1
&[0] with the property that ni=1 [\(a i&ci), \(bi&di)]=
n
i=1 [\(ai&bi),
\(ci&di)]=ni=1 [\(ai&di), \(bi&ci)]=Z4n+1&[0]. The existence problem
for Z-cyclic TWh( p)’s with p a prime has been solved for p 1 (mod 16). I. Anderson
et al. (1995, Discrete Math. 138, 3141) treated the case of p#5 (mod 8) while Y. S.
Liaw (1996, J. Combin. Des. 4, 219233) and G. McNay (1996, Utilitas Math. 49,
191201) treated the case of p#9 (mod 16). In this paper, besides giving easier
proofs of these authors’ results, we solve the problem also for primes p#1 (mod 16).
The final result is the existence of a Z-cyclic TWh(v) for any v whose prime factors
are all#1 (mod 4) and distinct from 5, 13, and 17.  2000 Academic Press
1. INTRODUCTION
For general background on whist tournaments we refer to [1].
Among the whist tournaments, the Z-cyclic ones have the nice property
that to realize them it is enough to give only the initial round.
The initial round of a Z-cyclic triplewhist tournament for 4n+1 players
(briefly TWh(4n+1)) essentially is a set
R=[(ai , b i , ci , di) | 1in]
of quadruples partitioning Z4n+1&[0] with the property that each of the
sets
S0 (R)=[(ai , ci) | 1in] _ [(bi , d i) | 1in]
S1 (R)=[(ai , b i) | 1in] _ [(ci , d i) | 1in]
S2 (R)=[(ai , d i) | 1in] _ [(bi , ci) | 1in]
is a starter of Z4n+1 .
doi:10.1006jcta.1999.3046, available online at http:www.idealibrary.com on
315
0097-316500 35.00
Copyright  2000 by Academic Press
All rights of reproduction in any form reserved.
For general background on starters we refer to [5]. Here, we recall that
a starter of a group G of odd order g is a set S of pairs partitioning
G&[0] whose differences also partition G&[0].
Known results about the existence problem for Z-cyclic TWh( p)’s with
p a prime are the following.
No Z-cyclic TWh( p) exists for p=5, 13 and 17.
Anderson et al. [2] proved the existence of Z-cyclic TWh( p)’s for all
primes p#5 (mod 8) with the only exceptions of p=5 and p=13.
Subsequently, Liaw [7] and McNay [9] proved the existence of a
Z-cyclic TWh( p) for any prime p#9 (mod 16). More precisely, Liaw gave
sufficient cyclotomic conditions that McNay proved always satisfied for
p>224. Then Liaw checked by computer the remaining cases where p<224.
In this paper, besides proposing easier proofs for the cases p#5 (mod 8)
and p#9 (mod 16), we finally solve the existence problem for any prime p.
Notation. Given a prime p and a divisor e of p&1, by C e we denote the
set of eth powers of Zp . The cyclotomic classes of index e are the cosets of
C e in the multiplicative group of Zp . Fixed a primitive root | in Zp , then
C ei denotes the cyclotomic class |
iC e.
The set of nonzero squares, that is C 2, will be also denoted by Z gp while
the set of nonsquares will be denoted by Z g3p .
In all our proofs we make use of the theorem of Weil on multiplicative
character sums (see [8, Theorem 5.41]). Recently, this theorem has been
succesfully applied to solve other interesting combinatorial problems (see,
e.g., [4, and 6]).
We recall that a multiplicative character of a finite field GF(q) is an
homomorphism from the multiplicative group of GF(q) into the multi-
plicative group of complex numbers of absolute values 1.
For our purposes, we need only quadratic and biquadratic characters of
prime fields Zp with p#1 (mod 4).
The quadratic character of Zp is the map ’ from Zp&[0] into [1, &1]
defined by
’(x)={1&1
if x # Zgp ;
if x # Zg3p .
The biquadratic character of Zp is the map / from Zp&[0] into
[\1, \i] defined by
/(x)={
1
&1
i
&i
if x # C 40 ;
if x # C 42 ;
if x # C 41 ;
if x # C 43 .
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Here is the statement of Weil’s theorem. In the theorem it is understood
the convention that if  is a multiplicative character of GF(q), then
(0)=0. Adopting this convention we have (xy)=(x) ( y) for all
(x, y) # GF(q)_GF(q).
Theorem 1.1. Let  be a character of order m>1 of the finite field
GF(q). Let f be a polynomial of GF(q)[x] which is not of the form kgm for
some k # GF(q) and some g # GF(q)[x]. Then we have
} :x # GF(q) ( f (x)) }(d&1) - q,
where d is the number of distinct roots of f in its splitting field over GF(q).
In the case where q is odd and both  and f are quadratic, there exists
an explicit formula giving | x # GF(q) ( f (x))| (see [8, Theorem 5.48]).
Theorem 1.2. Let ’ be the quadratic character of GF(q) and let
f =a2x2+a1x+a0 # GF(q)[x] with q odd and a2 {0. Then we have
} :x # GF(q) ’( f (x)) }={
&’(a2)
(q&1) ’(a2)
if a21&4a0a2 {0;
otherwise.
2. REVISITING THE CONSTRUCTION OF ANDERSON,
COHEN, AND FINIZIO
The following lemma gives a construction for Z-cyclic TWh( p)’s with p
prime#5 (mod 8).
Lemma 2.1. Let p be a prime#5 (mod 8) and let (a, b, c, d ) be a quad-
ruple of elements of Zp satisfying the following conditions:
(i) [a, b, c, d ] is a complete system of representatives for the
cyclotomic classes of index 4.
(ii) [(a&b)(c&d ), (a&c)(b&d ), (a&d )(b&c)] is a subset of Z g%p .
Then
R=[(ay, by, cy, dy) | y # C 4]
is the initial round of a Z-cyclic TWh( p).
Proof. By (i), we have y # C 4 [ay, by, cy, dy]=Zp&[0] so that R
partitions Zp&[0].
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Note that the differences from S0(R), S1 (R), S2 (R) are given by [1, &1]
[a&c, b&d]C 4, [1, &1][a&b, c&d]C 4, and [1, &1][a&d, b&c]C 4,
respectively.
On the other hand, since p#5 (mod 8), we have &1 # C 42 . It follows
that [1, &1]C 4=Z gp . Thus, using (ii), we have
[1, &1][a&c, b&d ] C 4=[a&c, b&d ] Z gp =Zp&[0]
[1, &1][a&b, c&d ] C 4=[a&b, c&d ] Z gp =Zp&[0]
[1, &1][a&d, b&c] C 4=[a&d, b&c] Z gp =Zp&[0].
Thus Si (R) is a starter of Zp for i=0, 1, 2. The assertion follows. K
As a useful application of the above construction we get the following
result.
Corollary 2.2. Let p be a prime#5 (mod 8). If the set
A=[x # Z g3p : [x
2&x+1, x2+x+1]/Z gp ]
is not empty, then there exists a Z-cyclic TWh( p).
Proof. If x is an element of A, it is an easy exercise to check that at
least one of the quadruples
(1, x2, x3, &x3), (1, x, x3, &x4), (1, x, &x, &x4)
satisfies conditions (i), (ii) of Lemma 2.1. K
We are going to give a new existence proof for Z-cyclic TWh( p)’s with
p=8n+5 prime. This proof is based on the above corollary and uses
Weil’s Theorem 1.1.
We point out that the proof by Anderson et al. [2] is based on a result
that is almost the same of our Corollary 2.2. Indeed the only difference is
that they do the additional, but not necessary, request that the elements of
A are primitive roots of Zp . However, this request is quite strong. Hence,
it is not surprising that their proof, using Weil’s theorem and the
Vinogradov condition, is more difficult than our new proof.
Theorem 2.3. There exists a Z-cyclic TWh( p) for any prime p#5 (mod 8)
with the only exceptions of p=5, 13.
Proof. Let ’ be the quadratic character of Zp .
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Consider the sum
S= :
x # Zp
[1&’(x)][1+’(x2&x+1)][1+’(x2+x+1)].
We have
1&’(x)={
2 if x # Zg3p ;
0 if x # Zgp ;
1 if x=0
1+’(x2\x+1)={
2 if x2\x+1 # Zgp ;
0 if x2\x+1 # Zg3p ;
1 if x2\x+1=0.
Thus, it is easy to see that S=8 |A|+1 where A is the subset of Zp
defined in Corollary 2.2.
Expanding S we get
S= :
x # Zp
1& :
x # Zp
’(x)+ :
x # Zp
’(x2&x+1)+ :
x # Zp
’(x2+x+1)
& :
x # Zp
’(x3&x2+x)& :
x # Zp
’(x3+x2+x)+ :
x # Zp
’(x4+x2+1)
& :
x # Zp
’(x5+x3+x).
Obvioulsly, we have
:
x # Zp
1= p, :
x # Zp
’(x)=0.
Also, by Theorem 1.2, we have
:
x # Zp
’(x2&x+1)= :
x # Zp
’(x2+x+1)=&1.
Finally, by Weil’s Theorem 1.1 we have
:
x # Zp
’(x3&x2+x)2 - p, :
x # Zp
’(x3+x2+x)2 - p
:
x # Zp
’(x4+x2+1)3 - p, :
x # Zp
’(x5+x3+x)4 - p.
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It follows that |S|p&2&11 - p and hence that |S|2 for p>27.
Then, since we have seen that S=8 |A|+1, the set A is not empty for
any prime p#5 (mod 8) greater than 27 so that, by Corollary 2.2, there
exists a Z-cyclic TWh( p) for each of these primes.
The only primes#5 (mod 8) smaller than 27 and distinct from 5 and 13
are 29, 37, 53, 61, 101, 109 and for each of them it is possible to find, by
hand, a quadruple (a, b, c, d ) satisfying conditions (i), (ii) of Lemma 2.1.
Good quadruples are (1, &1, 2, &3) for p=29 and p=101; (1, &1, 6,
15) for p=37; (1, 3, &3, 6) for p=53; (1, 2, 4, 10) for p=61; (1, 2, &2,
&12) for p=109.
The assertion follows. K
In the old proof it has been necessary the aid of a computer to check
directly the existence of Z-cyclic TWh( p)’s for more than 150 primes p.
3. REVISITING THE CONSTRUCTION OF LIAW
The following construction for Z-cyclic TWh( p)’s covers a construction
given by Liaw (see [7, Proposition 2.3]).
Lemma 3.1. Let p be a prime#9 (mod 16) and let (a, b, c, d ), (e, f, g, h)
be quadruples of elements of Zp satisfying the following conditions:
(i) [a, b, c, d, e, f, g, h] is a system of representatives for the
cyclotomic classes of index 8.
(ii) Each of the sets [a&c, b&d, e& g, f&h], [a&b, c&d, e& f,
g&h], and [a&d, b&c, e&h, f& g] is a system of representatives for the
cyclotomic classes of index 4.
Then
R=[(ay, by, cy, dy) | y # C8] _ [(ey, fy, gy, hy) | y # C8]
is the initial round of a Z-cyclic TWh( p).
Proof. By (i), we have y # C 8 [ay, by, cy, dy, ey, fy, gy, hy]=Zp&[0]
so that the quadruples of R partition Zp&[0].
Note that the lists of differences from S0 (R), S1 (R), S2 (R) are given by
[1, &1][a&c, b&d, e& g, f&h]C8, [1, &1][a&b, c&d, e& f,
g&h]C 8, and [1, &1][a&d, b&c, e&h, f& g]C 8, respectively.
On the other hand, since p#9 (mod 16), we have that &1 # C 84 . It
follows that [1, &1]C8=C4 and hence, by (ii), each of the above lists
covers Zp&[0] exactly once.
Thus Si (R) is a starter of Zp for i=0, 1, 2. The assertion follows. K
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As a useful application of the above construction we get the following
result.
Corollary 3.2. Let p be a prime#9 (mod 16). If the set
A=[x # Z g%p : [x
4&1, (x+1)(x3&1), (x&1)(x3+1)]/Z gp ]
is not empty, then there exists a Z-cyclic TWh( p).
Proof. It suffices to check that if x is an element of A, then the quad-
ruples (1, x4, x, &x) and (x2, x6, x3, &x3) satisfy conditions (i), (ii) of
Lemma 3.1. K
The next theorem provides a new existence proof for Z-cyclic TWh( p)’s
with p a prime#9 (mod 16). The new proof is based on the above
corollary which is almost the same corollary given by Liaw (see [7,
Corollary 2.4]). Also here, the only difference is that Liaw requires that the
set A has elements in the set of primitive roots of Zp . Needless to say that
this strong request leads to an involved proof (see [9]).
Theorem 3.3. There exists a Z-cyclic TWh( p) for any prime p#9 (mod 16).
Proof. Let ’ be the quadratic character of Zp and consider the sum
S= :
x # Zp
(1&’(x)][1+’(x4&1)]
[1+’((x+1)(x3&1))][1+’((x&1)(x3+1))].
It is easy to see that S=16 |A|+8 where A is the subset of Zp defined
in Corollary 3.2.
Expanding S and applying the theorem of Weil 1.1 it is also easy to see
that |S|66 - p. Thus, with a trivial calculation, we have |S|>8 for
p>4372.
This assures that the set A is not empty for p>4372.
On the other hand, an easy computer research shows that A is not
empty also for primes p#9 (mod 16) not greater than 4372 with the only
exceptions of p=17, p=41, and p=73.
In conclusion, since ((1, 25, 6, 39), (36, 24, 34, 29)) and ((1, 11, 71, 62),
(12, 59, 49, 14)) are pairs of quadruples of Z41 and Z73 satisfying conditions
(i), (ii) of Lemma 3.1, the assertion follows. K
The old proof required more heavy calculations. It needed in fact a
computer program checking that for any prime p#9 (mod 16) with
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73<p<224, the set A defined in Corollary 3.2 contains at least one
primitive root mod p.
4. EXISTENCE OF Z-CYCLIC TWH( p)’S FOR PRIMES p#1 (MOD 8)
In view of the above results, to completely solve the existence problem
for Z-cyclic TWh( p)’s with p a prime, it remains to study the case where
p#1 (mod 16).
We do this by means of the following new construction that, more
generally, gives Z-cyclic TWh( p)’s for primes p#1 (mod 8).
Lemma 4.1. Let p be a prime#1 (mod 8) and let (a, b, c, d ), (e, f, g, h)
be quadruples of elements of Zp satisfying the following conditions:
(i) [a, b, c, d, e, f, g, h]=[1, &1][:, ;, #, $].
(ii) Each of the sets [:, ;, #, $], [a&b, c&d, e& f, g&h],
[a&c, b&d, e& g, f&h], and [a&d, b&c, e&h, f& g] is a system of
representatives for the cyclotomic classes of index 4.
Then, if T is a fixed system of representatives for the cosets of [1, &1]
in C 4, we have that
R=[(a{, b{, c{, d{) | { # T ] _ [(e{, f{, g{, h{) | { # T ]
is the initial round of a Z-cyclic TWh( p).
Proof. By (i), we have
.
{ # T
[a{, b{, c{, d{, e{, f{, g{, h{]=[1, &1][:, ;, #, $]T.
On the other hand, by definition of T, we have [1, &1]T=C 4 and
hence, since by (ii) [:, ;, #, $] is a system of representatives for the cosets
of C4, we have [1, &1][:, ;, #, $]T=Zp&[0].
This means that the quadruples of R partition Zp&[0].
Note that the lists of differences from S0 (R), S1 (R), S2 (R) are given by
[1, &1][a&c, b&d, e& g, f&h]T, [1, &1][a&b, c&d, e& f, g&h]T,
and [1, &1][a&d, b&c, e&h, f& g]T, respectively.
But we have already seen that [1, &1]T=C 4 so that, by (ii), each of
the above lists covers Zp&[0] exactly once.
Thus Si (R) is a starter of Zp for i=0, 1, 2. The assertion follows. K
Example. Check that the quadruples (1, 256, 3, 54) and (254, 104, 203,
153) of elements of Z257 satisfy the conditions of the above lemma. Since
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3 is a primitive root of Z257 , then T=[34i | 0i31] is a system of
representatives for the cosets of [1, &1] in C4. Hence
[(34i, 34i256, 34i3, 34i54)] | 0i31]
_ [(34i254, 34i104, 34i203, 34i153)] | 0i31]
is the initial round of a TWh(257).
Corollary 4.2. Let p be a prime#1 (mod 8). If the set
A=[x # Z g3p : [2(x+1), 2x
2 (x2+1), x3 (x2&x+1), x(x2+x+1)]/C 4]
is not empty, then there exists a Z-cyclic TWh( p).
Proof. Taking into account that for p#1 (mod 8) we have 2 # Z gp , it
is easy to check that if x is an element of A, then the quadruples
(1, &1, x, &x3) (&x, x2, &x2, x3)
satisfy conditions (i), (ii) of Lemma 4.1. K
Theorem 4.4. There exists a Z-cyclic TWh( p) for any prime p#1 (mod 8)
with the only exception of p=17.
Proof. Let us consider the following polynomials of Zp[x]:
f1=2(x+1) f2=2x2 (x2+1) f3=x3 (x2&x+1), f4=x(x2+x+1).
Let / be the biquadratic multiplicative character of Zp and consider the
sum
S= :
x # Zp
(1&/(x2)) ‘
4
i=1
[1+/( f i (x))+/( f 2i (x))+/( f
3
i (x))].
We have
1&/(x2)={
2 if x # Zg3p ;
0 if x # Zgp ;
1 if x=0
and, for i=1, 2, 3, 4,
1+/( fi (x))+/( f 2i (x))+/( f
3
i (x))={
4 if f i (x) # C4 ;
0 if f i (x) # Zp&(C4 _ [0]) ;
1 if fi (x)=0.
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In view of the above identities it is easy to see that
S={512 |A|+4 if 2 # C
4 ;
512 |A| if 2 # C42 ,
where A is the subset of Zp defined in Corollary 4.2.
Now, let I be the set of quintuples defined by I=[0, 1]_[0, 1, 2, 3]4.
For any quintuple i

=(i0 , i1 , i2 , i3 , i4) # I let us denote by fi

the polynomial
(&x2) i0 f i11 f
i2
2 f
i3
3 f
i4
4 .
It is clear that expanding S we get
S= :
i

# I
:
x # Zp
/( fi

(x)).
Let 0

be the null quintuple of I, i.e., 0

=(0, 0, 0, 0, 0). We have f0

=1 and
hence x # Zp /( f0

(x))= p.
Also, no fi

with i

# I&[0

] is of the form kg4 for some k # Zp and some
g # Zp[x]. Hence, we may apply the theorem of Weil 1.1 to estimate
| x # Zp /( f i

(x))| for each i

# I&[0

]. In such a way we get
|S|p&2685 - p.
It follows that |S|>4 for p>p0=7209233. Then, since we have seen that
S=512 |A|+4 or 512 |A|, we may claim that the set A is not empty for
p>p0 .
On the other hand we have checked with the aid of a computer that the
set A is not empty also for primes p#1 (mod 8) not greater than p0 with
the only exceptions of p=17, 41, 73, 97, 113, 137, 233, 241, 257, 281, 313,
337, 353, 401, 457, 521, 929, 937.
Since we have found a pair of quadruples satisfying conditions (i), (ii) of
Lemma 4.1 for each of the above exceptional values of p but p=17 (for the
case of p=257 see the Example), the assertion follows in view of Lemma
4.1 and Corollary 4.3. K
5. CONCLUSION
The results of the previous sections may be summarized as follows.
Theorem 5.1. There exists a Z-cyclic TWh( p) for any prime p#1 (mod 4)
with the only exceptions of p=5, 13, 17.
Using the above theorem in conjunction with a recursive construction
recently given by Anderson et al. [3], we finally get the following result.
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Theorem 5.2. There exists a Z-cyclic TWh(v) for any integer v whose
prime factors are all#1 (mod 4) and distinct from 5, 13, and 17.
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